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Abstract. Let T be the attractor of injective contractions f±, . . . , f m on 
M 2 that satisfy the Open Set Condition. If T is connected, dT is arcwise 
connected. In particular, the boundary of the Levy dragon is arcwise con- 
nected. 
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1. The theorem 

Let fx, ■ ■ ■ , f m be a family of injective contractions on M 2 satisfying the 
Open Set Condition: there is a nonempty bounded open set V such that 
fi{V) n fj(V) = for i ^ j, and U^f^V) C V (see e.g. jF]). Let T be the 
attractor of the system. Suppose that T is connected. Among other results, 
Luo, Rao and Tan prove that dT is connected |LRT| Theorem 1.1]. They 
further ask whether dT is arcwise connected. We answer the question in the 
affirmative. 



Theorem 1.1. Let fx, ■ ■ ■ , f m be a family of injective contractions on M 2 sat- 
isfying the Open Set Condition. Suppose that T is connected. Then dT is 
arcwise connected. 

Corollary 1.2. The boundary of a connected reptile or self-affine tile is arc- 
wise connected. 



Lately there is some interest in the topology of self-similar sets, particularly 
for some classical reptiles and self-affine tiles (see |BKSj . |BWj . |LRT| . |NN| ). 
If the fi are similarities of the same contraction ratio and T° ^ 0, T is called a 
reptile. A self-affine tile is defined by an expanding matrix and a digit set. The 
twindragon, the Heighway dragon and the Levy dragon are classical examples 
in both classes. Bandt and Wang |B Wj show that the twindragon is a disk. 
Ngai and Nguyen |JNNj show that the Heighway dragon is a union of disks, 
each having a common point with each of its two neighboring disks. Hence 
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our theorem is true for the twindragon and the Heighway dragon. Notice that 
for these T, almost all points in dT are boundary points of the components of 
T°. The only exceptions are the two special points of the Heighway dragon, 
which are limit points of such components. 

The non-trivial cases for our theorem are offered by those T where dT has 
many points that are not boundary points of the components of T°, but are the 
limits of such components. The Levy dragon offers an example. The Hausdorff 
dimension of its boundary has been calculated using different methods [DKJ, 
[SWJ. Its topology is discussed by Bailey, Kim and Strichartz [BKTt]. The 
arcwise connectedness of its boundary is an addition to the results there. 

2. Preliminaries 

We collect here some definitions and results from point set topology and 
self-similar sets. 

A continuum is a compact connected set. It is non-degenerate if it has more 
than one point. Let S be a topological space. Let G be an infinite collection 
of subsets of S, not necessarily different. The set of x G S such that every 
neighborhood of x contains points of infinitely many sets in G is called the 
limit superior of G, denoted limsupG. The set of y G S such that every 
neighborhood of y contains points from all but a finite number of the sets of 
G is called the limit inferior of G, written liminf G. If liminf G = limsupG, 
then G is said to be convergent, with limit limG = liminf G = limsupG. 

A set M is said to be locally connected at p G M if for every neighborhood 
U of p, there exists a neighborhood V of p such that every point of M fl V lies 
in the component of M fl U containing p. Equivalently, M has a local base at 
p consisting of connected sets. M is locally connected if it is locally connected 
at every one of its points. 

Theorem 2.1. (a) |W| p. 13] If the continuum M C M 2 is not locally connected 
at one of its points p, then there is a ball B r (p) and an infinite sequence of 
distinct components C andCi of M(lB r (p) , % — 1, 2, . . such that lim{Cj} = C 
and p G C '. 

(b) [W, p. 14] There is a non- degenerate subcontinuum H of M containing 
p such that M is not locally connected at every point of H. 

Theorem 2.2. [W, p. 27] Every locally connected continuum is arcwise con- 
nected. 

An arc is a homeomorphic image of [0, 1]. A simple closed curve is a homeo- 
morphic image of a circle. A set M is said to have property S if for each e > 0, 
M is the union of a finite number of connected sets of diameter less than e. 

Theorem 2.3. [W, p. 19] A continuum M is locally connected if and only if 
M has property S . 
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Theorem 2.4. I\\ I p. 34] // M cl 2 is a locally connected continuum with no 
cut point, the boundary of any component ofM?\Misa simple closed curve. 

For a = ii . . . i k G {1, . . . , m} k , we write f a = f h o • • • o f ik . f a (T) is called 
a fcth-level piece of T. Let 

Q = sup{-^^ f^y}\ . x ^ y . x ^ y e R 2| < 1; c _ sup { Cl; . . . ; Cm j < i. 

F-y| 

Notice that diam(/ a (T)) < c fc diam(T) — > as — >■ oo. As T = U ae r li ... im \iv/ Q! (T'), 
and each f a (T) is connected, we have part (a) of the following. 

Theorem 2.5. Let T fre the connected attractor of injective contractions fi, 
as in Theorem \l.l\ Then 

(a) T has property S. 

(b) T is arcwise connected /^H] . jKj p. 33],). 

(c) If T° ^ 0, T = (e.g. jLRTl p.226];. 

(d) Supp ose T° ^ 0. For different a u a 2 e {1, . . . m} fc , / a (T°) n fp(T°) = 
re.^. (EEI1 p.226]/ 

3. The Proof 

We prove Theorem 11.11 in this section. Under the given hypothesis, dT is 
connected QLRT, Theorem 1.1 (ii)] ) and hence a continuum. We will prove 
that it is arcwise connected. 

Lemma 3.1. IfT° = 0, dT is arcwise connected. 

Proof. In this case dT = T. The arcwise connectedness of dT follows from 
that of T (Theorem Ejb)). □ 

Hereafter, we assume that T° ^ 0. Suppose dT is not arcwise connected. 
We derive a contradiction in a sequence of steps. 

Claim 3.2. Suppose thatdT is not arcwise connected. There is a point p G dT, 
and an open ball B r (p) such that dT n B r (p) has infinitely many components 
C and Ci, i — 1, 2, . . ., such that lim{Cj} = C and p G C . 

Proof. dT not arcwise connected implies that it is not locally connected (The- 
orem The result follows from Theorem 12.1( a). □ 

Claim 3.3. Let N be a positive integer such that for any Nth-level piece f a {T), 
a G {1, . . . ,m} N , diam(f a (T)) < r/2. There is an Nth-level piece of T, 
denoted A, that is contained in B r (p) and intersects infinitely many Ci. 

Proof. As lim{Cj} = C, Ci n B r / 2 (p) ^ except for finitely many i. As 
Ci C dT C T = U ae { lj ... t m} N fa(T), each of these points of intersections is 
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in some Nth.- level piece of T. As only finitely many of such pieces intersect 
B r / 2 (p), some iVth-level piece of T, called A, contains points from B r / 2 {p) PlCj 
for infinitely many i. As diam(A) < r/2, A C B r (p). □ 

Blow up T so that every point in dT is an interior point of the blow up. 
In detail, choose a fcth- level piece f a (T) of T with d(f a (T)) C T°. The blow 
up is /~ 1 (T), in which T is bordered by neighbors, f' 1 of the other fcth-level 
pieces of T. 

Claim 3.4. There is an Nth-level piece of a neighbor ofT, called B, such that 
B C B r (p) and B D A contains points from two of the C{ 's, say C±,C 2 . Here 
A is as in Claim 

Proof. Choosing another N if necessary, suppose that the iVth-level pieces of 
T and its neighbors in the blow up have diameter less than r/2. From Claim 
EH1 AnQn B r/2 (p) ^ for infinitely many i. As C { C dT, AnCiH B r/2 (p) is 
also contained in the neighbors of T. As only finitely many iVth-level pieces 
of the neighbors of T intersects B r / 2 (p), one such piece B contains points in 
A fl Ci n B r / 2 (p) for infinitely many i. As diam(£>) < r/2, B C B r (p). 

By renaming the Cj's if necessary, suppose that A fl S contains points from 

c u c 2 . ' ' □ 

Let x & An B fl Ci, y £ A C\ B n C 2 . As A and S are arcwise connected 
(Theorem I2.5f b) ) . there are arcs r ycAcT,(3cBcT c with endpoints x, y. 
We get a contradiction by proving the following. 

Claim 3.5. C% and C 2 cannot be distinct components of dT fl B r (p) . 



Proof. Case 1. If 7 = (3, the arcs are in dT fl B r (p), and the claim is true. 

Case 2. Suppose that 7 7^ /3, and 7 D /3 = {x, ?/}. That is, 7 U (3 is a simple 
closed curve enclosing a region D C B r (p). 

If 7 C <9T or (3 C (9T, then Ci and C2 are joined by an arc in dT fl B r (p), 
and the claim is true. 

Suppose that 7flT° 7^ 0. Look at the components of T°nD whose boundary 
has nonempty intersection with 7. Call them A i} i £ N. Notice that dAi C 
(dT n D) U 7 U /?. 

We claim that v4j is a locally connected continuum with no cut point. We 
have to prove the local connectedness of Ai at each of its points. As T is a 
locally connected continuum ( Theorem 12.31 EToT a)). it is locally connected at 
each of its points. For z E D fl A*, local connectedness of Ai at z follows from 
the local connectedness of T at z. 

Next consider z G A i r\ , ~f with the property that there is an interval (ti,t 2 ) C 
[0,1] with z e 7(^1,^2) C Ai (the 'interior boundary points'). We have used 
the same symbol for the arc 7 and one of its parametrizations 7 : [0, 1] — > M 2 . 
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Notice that dist(z, dT fl D) > 0. Suppose that Ai is not locally connected at 
2. Then there is a closed ball S of z, such that S 1 fl <9Aj C 7, and Aj fl 5 has 
components C'^C such that lim{C,-} = C (Theorem 12.1( a)). By our choice 
of S, dC[ C 7. It follows that every neighborhood of z in S intersects 7 in 
infinitely many components. Hence 7 does not have a local base of connected 
neighborhoods at z, contradictory to the local connectedness of 7. Hence Ai 
is locally connected at z. The same argument apply to the 'interior boundary 
points' on Aj fl (3. 

It remains to establish the locally connectedness of Ai at the 'corner bound- 
ary points' of Ai, the points z = 7(t) G 7 (and the similar points on (3) with 
the following property. There is no interval (£1,^2) C [0, 1] containing t such 
that 7(^1, £2) C Ai. If Ai is not locally connected at z, it is not locally con- 
nected on a non-degenerate sub-continuum H of Aj containing 2; (Theorem 
A(b)). As we have established the local connectedness of A, at the points 
of Ai in D, H C 7 and hence must be a non-degenerate sub-arc. But then 
points in H other then its two end points are the 'interior boundary points' 
discussed in the last paragraph, and Ai is locally connected at such points. 
This contradicts the definition of H, and proves the local connectedness of Aj 
at z. Hence Aj is locally connected. 

Ai has no cut point, as for any z G Aj, Aj \ {z} is in one component, and 
hence so is Aj \ {z}. This establishes our claim that Aj is a locally connected 
continuum with no cut point. 

By Theorem 12 A\ the boundaries of the components of M 2 \ Ai are simple 
closed curves. Let 5i be the boundary of the unbounded component. Points 
on Si are of three types: those in D, 7 or (3. Those in D and (3 are in dT. 

Let Si := mf{s : 7(5) G SA-, U := sup{t : 7(f) G 5j}. Then Si \ {l(Si),j(ti}} 
is consist of two parts, with at least one lying entirely in D U (3. Call one such 
part S[. Then S[ C dT. Define 

7 / :=(7\|J^^)) U (U^- 

i i 

Then 7' C dT. Though 7' may not be an arc, it is the image of a continuous 
curve joining x, y. Therefore x, y and hence Ci, C2 are in the same component 
of dT fl B r (p). This finishes the argument when 7 fl (3 — {x, y}. 

Case 3. Suppose that 7 7^ (3 and 7 fl (3 is more than {x, y}. Let (uj,t>j), 
i £ N, be maximal intervals with 7(wj,t>j) fl /3 = 0. For each 2, 7(1^), j(vi) 
bounds a segment from each of 7 and /?. The two segments bounded a region 
Di. Apply the argument in case 2 to get a curve in dT fl Di joining 7(«j) and 
7(f j). Together with the observation that 7 fl (3 C <9T fl B r (p), we get that x, ?/ 
and Ci, C2 are in the same component of dT fl B r (p). □ 
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The contradication obtained in Claim proves the arcwise connectedness 
of dT. 
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